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<^ ; Abstract 



The set LS{n) of Latin squares of order n can be represented in R" as a {n — 1) 
dimensional 0/1-polytope. Given an autotopism Q = {a, 13,^) G 2l„, we study in this 
paper the 0/1-polytope related to the subset of LS{n) having Q in their autotopism 
' group. Specifically, we prove that this polyhedral structure is generated by a polytope 

§^ : in R«"°-'=)-"'+'^"''-)-('^>^("-'^Hi^iV("^-i^)H-iV(»=-iJ.)), where n„ and are the 

I number of cycles of a and /3, respectively, and 1^ is the number of fixed points of 5, for 

all 5 £ {a,/3,7}. Moreover, we study the dimension of these two polytopes for Latin 
If^ I squares of order up to 9. 
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1 Introduction 

A 0/1-polytope [9] in R'^ is the convex hull V of a finite set of points with 0/1-coordinates. 
Equivalently, it is a polytope with all its vertices in the vertex set of the unit cube Cd = 
[0, 1]'^. Thus, if we consider these vertices as the column vectors of a matrix V € {0, l}'^^^"-^ it 
is verified that V = ViV) = conv{V) = {V-{xi,X2, x^)* | Xj > 0, Vi G [n] and Yli£[n] ~ 
1}, where [n] will denote from now on the set {1,2, ...,n}. The dimension of V is the max- 
imum number of affinely independent points in V minus 1. Permuting coordinates and 
switching (replacing Xj by 1 — Xi) coordinates transform 0/1-polytopes into 0/1-polytopes. 
Two 0/1-polytopes are said to be 0/1-equivalent if there exists a sequence of the two previ- 
ous operations transforming one of them into the other one. In combinatorial optimization 
there are several examples of 0/1-polytopes like the salesman polytope [8], the cut polytope 
[2] or the Latin square polytope [3j. In this paper, we are interested in the last one, which 
appears in the 3-dimensional planar assignment problem (SPAPn): 
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where Wijk are real weights and /, J, K are three disjoint n-sets. 

Euler et al. [3j observed that there exists a 1-1 correspondence between the set LS{n) of 
Latin squares of order n and the set FS{n) of feasible solutions of the 2>PAPn. Specifically, 
a Latin square L of order n is an n x n array with elements chosen from a set of n distinct 
symbols such that each symbol occurs precisely once in each row and each column. From 
now on, we will assume [n] as this set of symbols. Given L = {U.j) G LS{n), the orthogonal 
array representation of L is the set of triples {{i,j,lij) \ i,j G [n]}. So, by taking 
I = J = K = [n] and by considering the lexicographical order in / x J x ii', it can be defined 
the 1-1 correspondence <I> : LS{n) — )• FS{n) C M" , such that, given L = (lij) G LS{n), 

{1 if I- ■ = k 
. Moreover, 
U, otherwise. 

if A is the constraint matrix of the system of equations (1), it is defined the Latin square 
polytope, VLS(n) = conv{FS{n)} = conv{x G {0, 1}" \ A-x = e}, where e = (1, 1)* with 
3 • entries. Thus, every point of Vls H C„3 is a Latin square of order n and vice versa. 
By obtaining the minimal equation system for Pls^ Euler et al. proved that this polytope 
is {n — l)^-dimensional and they gave some general results about its facial structure. 

In this paper, we are interested in obtaining a similar construction than the above one, in 
the case of adding some extra conditions to the 3PAPn. Specifically, we want to study those 
0/1-polytopes related to Latin squares having some symmetrical restrictions. To expose the 
problem, some previous considerations are needed: The permutation group on [n] is denoted 
by Sn- Every permutation (5 G 5„ can be uniquely written as a composition of pairwise 
disjoint cycles, 6 = Cf oCf o ... oC^^ , where for all i G [n^], one has Cf = (^cf^ ■■■ y^s^^ 
with cf^ = m.m.j{c^- ■}. The cycle structure of 5 is the sequence I5 = (if , I2, 1^), where 
if is the number of cycles of length i in 5, for all i G [n\. Thus, if is the cardinal of the 
set of fixed points of 5, Fix{6) = {i £ [n] \ 6{i) = i}. An isotopism of a Latin square 
L = (lij) G LS{n) is a triple = (a, /3,7) £ In = Sn x Sn x Sn- In this way, a, /3 and 
7 are permutations of rows, columns and symbols of L, respectively. The resulting square 
L® = {(a(i), /3(j), 7 (kj)) I i,j G [n]} is also a Latin square. The cycle structure of G is 
the triple (Iq,, 1/3,1'y)- 

An isotopism which maps L to itself is an autotopism. The stabilizer subgroup of L 
in Xn is its autotopism group, 2l(L) = {O G Xn \ L® = L}. The set of all autotopisms 
of Latin squares of order n is denoted by 2l„. Given G 21^, the set of all Latin squares 
L such that Q G 2l(L) is denoted by LS{Q) and the cardinality of LS{Q) is denoted by 
A(0). Specifically, if Gi and G2 are two autotopisms with the same cycle structure, then 
A(0i) = A(02). The possible cycle structures of the set of non-trivial autotopisms of Latin 
squares of order up to 11 were obtained in [4j. 

Grobner bases were used in [5j to describe an algorithm that allows one to obtain the 
number A(0) in a computational way. This algorithm was implemented in Singular [7] to 
get the number of Latin squares of order up to 7 related to any autotopism of a given cycle 
structure. Specifically, the authors followed the ideas implemented by Bayer [Ij to solve 
the problem of an n-colouring a graph, since every Latin square of order n is equivalent 
to an n-coloured bipartite graph Kn^n- More recently. Falcon and Martin- Morales [6] have 
studied the case n > 7 by implementing in a new algorithm the 1-1 correspondence between 
the 2>PAPn and the set LS{n). As an immediate consequence, the set of vertices of C„3 
related to L5(0) can be obtained. 

In Section 2, given G 2t„, we study the set of constraints which can be added to 



the 3PAPn to get a set of feasible solutions equivalent to the set LS(Q). In Section 3, we 
define the 0/1-polytope in R" related to LS{@). Moreover, we prove the existence of a 
0/1-subpolytope of the previous one which can generate it. We see that these two polytopes 
do not depend on the autotopism Q but on the cycle structure of the autotopism. Finally, 
we study the dimensions of these polytopes and we give a classification for polytopes related 
to autotopisms of Latin squares of order up to 9. 

2 Constraints related to a Latin square autotopism 

Given a autotopism © = (a,/3,7) E 21^, let (l)e be the set of constraints obtained by 
adding to (1) the constraints: 

Xijk = Xa{i)j3(j)-^{k),^i e I,j e J,k e K. (1.5)e 
The following results hold: 

Theorem 2.1 There exists a 1-1 correspondence between LS{Q) and the set FS{Q) of 
feasible solutions related to a combinatorial optimization problem having (l)e as the set of 
constraints. 

Proof. It is enough to consider the restriction to LS{@) of the correspondence $ between 
LS{n) and FS{n), because then, given L = {hj) € LS{n), it is verified that L G LS{Q) 
if and only if, for all € [n]: lij = k <^ I-a{i),i3{j) = 7(^)- But this last condition 

is equivalent to say that Xijk = 1 if and only if Xa(i)i3(j)'y(k) = 1- That is to say, Xijk = 

3;a(i)/3(j)7(fc) • □ 

Corollary 2.2 Every feasible solution of FS{Q) verifies that Xijk = 0, for all i,j,k G [n] 
such that one of the following assertions is verified: 

a) i ^ Fix(a),j G Fix{p) and k Fix{'y). 

b) i G Fix{a),k G Fix{'~f) and j ^ Fix{f3). 

c) j G Fix{f3),k G Fix{'y) and i ^ Fix{a). 

Proof. From the conjugacy of rows, columns and symbols in Latin squares, it is enough to 
consider assertion (a). So, let us consider a feasible solution of FS{@) such that Xijk = 1, 
for some i,j,k G [n] verifying assertion (a). From Theorem 12. !( there exists an unique 
L = {lij) G LS{@) being equivalent with such a feasible solution. Specifically, it must be 
lij = k and therefore, k = kj = la{i),i3{j) = l{h,j) = l{k), which is a contradiction, because 
k Fix{'y). □ 

Let Spij.(^Q-^ be the set of triples {i,j, k) G [n]^ such that one of the assertions of Corollary 
EJ is verified. Since the 1^ • 1^ • (n - 1^) + 1^ • • (n - 1^ ) + • 1^ • (n - 1^) variables Xi^k 
related to Spi^i^Q-^ are all nulls, we can reduce the number of variables of the system (l)e 
in order to obtain a 1 — 1 correspondence between FS{@) and LS{Q). Given s,t G [n], the 
following sets will be useful: 



^Fixfe) = e [n] I {s,t, k) e Spixie)}- 



Moreover, the symmetrical structure given by the autotopism can also be used to 
reduce the number of variables of (1)0. To see it, let us consider: 



'S'e = { (iJ) I i e Sa,j e 



[n], if i Fix{a), 
Sjs, if i S Fix{a). 



as a set of (n^ — 1^) • n + 1^ • multi- indices, where Sa = {cf^ I i ^ [^a]} ^-nd Sp = {Cj^ \ 
j € [n/3]}. The following result is verified: 

Proposition 2.3 Let L = (kj) € LS{Q) be such that all the triples of the Latin subrect- 
angle Rl = {{i,j,lij) \ G Sq} of L are known. Then, all the triples of L are known. 
Indeed, given i,j € [n], there exists an unique element {isyje) £ 5*0 such that kj can be 
obtained starting from liQ,jQ- 

Proof. Let {i,j,lij) € L be such that i > and let r € [iIq,] and u G [A"] be such 
that = i. Then, {a^~^{i), /3^~'^{j)) € Sq, and, therefore, is known. Thus, 

lij = 7"~ (^Qi-"(j),^i-«(j))- 

Now, let {i,j,li,j) € L be such that i G Fix{a) and j > n^. Let s € [n^] and v G [As] 
be such that Cs,v = j. From the hypothesis, the triple {i, ^, L p ) is known. Thus, 

The final assertion is therefore an immediate consequence of the election of the cyclic 
decomposition of 0. Specifically, it is verified that (^0,^0) = {a"^^'i (i) , P'^^-i (j)) , where 
ruij = mm{t > | (a*(i), /3*(j)) € ^0}. □ 

Given i,j,k € [n], let us define ke = 7™'(A;), where m G [n] is such that {ie,je) = 
{a^ {i) , {j)) S 50. Thus, from the cyclic decomposition of 0, let us observe that 
(iQ, Jq, ks) = (a*(i)©, /3*(j)0, 7*(/c)0), for all i,j G [n] and for all t G [n]. The follow- 
ing result holds: 

Theorem 2.4 There exists a 1-1 correspondence between FS{&) and the set of feasible 
solutions FS'{@) of the following system of equations in = ((iIq, — 1^) • + 1^ • n^g • n) — 
(11 ■ 11 • (n - 11) + 11 ■ 11 • (n^ - 11 ) + 11 • 11 • (n„ - 1^)) variables: 

SieW\5(i'^'*' ^ieJeke = l>Vj,/c G [n]. (2.1)0 
Xjjfc G {0, l},V(z, j, A;) G X [n] \ Spi^(^Qy (2.4)© 



Proof Let us define the map ^'© : FS"(0) C R'^e ^ ^5(0) C M"', such that 

,T, // N ^ ^ j 0, if (w, u, u;) e ^^^^(e), rp, ,t, 

VeU2;iifcj(i,j,/c)eSex[n]\SFi,(e) J — (,-^M«u.j(«,i,,u,)e[,i]3 - < +i, ■ • J-Uus, w© 

\Xu0VBwe, otnerwise. 

is a 1-1 correspondence between FS'{Q) and FS{Q). Specifically, from Corollary 12.21 
and Proposition \2.3\ equations (1.1), (1-2) and (1.3) and conditions (1.4) in FS{Q) are 



equivalent to (2.1)e, (2.2)e, (2.3)e and (2.4) in FS'{Q), respectively. Now, let us consider 

ixijk){i,j,k)eS0x[n]\Spi^^e^ G FS'{Q) and iXuvw){u,v,w)£[n]'-i = ^ei{xijk){i,j,k)eSex[n]\Spi^(e^)- 

Given u,v,w E [n], it is verified that Xuvw = i a{u)(5{v)j{w)i ' ( ; > ) Ftx{0)j 

[xuevBwe = Xa{u)(5{v)j{w), Otherwise. 
Therefore equations (1.5)e are also verified. □ 



In general, many of the expressions of (2)0 are the same equation and so, they are 
redundant. An immediate consequence of Theorem 12.41 is the following: 

Corollary 2.5 o *l*|^gjQj is a 1-1 correspondence between LS{Q) and FS'{Q). □ 



3 0/1-polytopes related to a Latin square autotopism 

Given a autotopism G 21^, let vie and A'q be the constraint matrices of (1)0 and (2)0, 
respectively. Let us define the following 0/1-polytopes: 

'PlsO) = conv{FS{Q)} = conw{x e {0, 1}"' | A© • x = ee} C K"\ 

V'^Sf^Q^ = conv{FS'{Q)} = conu{x e {0, 1}"' • x = e^^} C W^^ , 

where 00 = (1, 1)* and eg = (1, 1)* have 3 • + n'^ and 3 ■ entries, respectively. 
The following results hold: 

Corollary 3.1 Both 0/1-polytopes, 'Pl5(0) ^''^'^ '^'ls(B)' ^^^^ A(©) vertices. 

Proof. It is enough to consider the 1-1 correspondences of Theorem 12.11 and Corollary 
[231 □ 

Theorem 3.2 dim{Vis(e)) = d™(^L5(0)) ^ '^e — rank{AQ). 

Proof. The inequality is an immediate consequence of the definition of 'P'ig(^Qy Besides, 
from the definition of \I'0 given in the proof of Theorem 12.41 it is immediate to see that a 
set of m affinely vertices of "^^5(0) induces a set of m affinely vertices of 'Pls{Q)^ because 
we can identify all the coordinates of the first ones in the second ones. So, d\m{'P'j^g^Q-^) < 
dim{VLsie))- 

Now, let {Vi, Vm} be a set of m affinely independent vertices of 'Pl5(0), where Vi = 
(vj^i, ...,fi ,,3), for all i € [m]. From Theorem [231 ^/ = ^oH^i) = ■"' "^^de) ^ 

vertex of 'P'lgf^Qy for all i G [m]. Let us suppose that there exist Xi,...,Xm G such 
that Xli^i = ^ and XlilLi ' ^/ = 0- From the definition of ^'0, given j G [n^] non 
corresponding to a triple of Spix(e), there exists k G [^0], such that Vij = v'- ^, for all i G [m]. 
Thus, "^iLi K'^i = 0, which is a contradiction. Therefore, dim{Vis{0)) ^ *ii™(^L5(0))- '-' 

Theorem 3.3 Let (Iq, 1^, 1^) be the cycle structure of a Latin square autotopism and let us 
consider 61 = (oi, 71), ©2 = (a2,/32,72) e 2t„(la, 1^). Then, Vls{0i) ^^5(62) 
are 0/1- equivalents. Analogously, '^^.^(ei) ^^'^ ^L5(02) /1-equivalents. 



Proof. Let us prove the first assertion, the other case follows analogously. So, since ©i 
and ©2 have the same cycle structure, we can consider the isotopism © = (cxi, cr2, (T3) € X„, 
where: 

i) = c"-, for all i G [K,] and j G [A,"^], 

ii) a2(cg.) = eg, for all i G [k^,] and j G [Af ], 

iii) (T3{c]j) = c]^j, for all i G [/c^-J and j G [Af ]. 

Let L G L5(©i) and (xjjfc)jj ^gj^] = <1*(-Z^). From [5], we know that L G LS'(©i) if and 
only if G L5(©2). Thus, if (^jjfc)i,j,fcG[n] = ^(-^®), then it must be Xijk = a:;<7i(j)<72 0>3(fc), 
for all i,j,k G [n]. So, the permutation of coordinates ^{xijk) = XeTi{i)a2{j)a3{k) is a 1-1 
correspondence between ^^(©i) and FS'(©2), which are the set of vertices of 'PLS(ei) 
7^1,5(02)' respectively. Thus, vr transforms VLS{ei) ^LSCea)- ° 

From Theorem 13.31 the dimension of Visis) and 'P'isiq-^ only depends on the cycle 
structure of 0. Moreover, since rows, columns and symbols have an interchangeable role in 
Latin squares and since affine independence does not depend on these interchanges, we can 
suppose that the cycles a,/3 and 7 of verify that Hq, < < n^. Thus, let us finish this 
paper by following the classification of all possible cycle structures given in in order to 
show in Tables 1 and 2 the dimensions of all possible polytopes related to any autotopisms 
of order up to 9. Specifically, the exact dimension is shown when the set LS{Q) is known. 
As an upper bound we show the difference between cIq and rank{A'Q), which indeed can 
not be reached, as we can observe in Table 1. As a lower bound, we study the subsets of 
LS{@) given in 
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Table 1: Number of vertices and dimensions of polytopes related to 2t„, for n <7. 
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Table 2: Number of vertices and dimensions of polytopes related to Sts and Slg. 



